
ITCSC-INC Winter School Problem Session Handout
The Chinese University of Hong Kong

Please discuss the following problems among the students in your group. Some of the groups will
be selected to present sample solutions at the group presentation on Wednesday.

The problems are quite straightforward.

Day Two

The cheat sheet

The Fourier Transform and its inverse

Ĥ(f) =

∫ ∞
−∞

h(t)e−j2πftdt.

h(t) =

∫ ∞
−∞

Ĥ(f)ej2πftdf.

Discrete Fourier Transform and its inverse

X̂[k] =
1√
N

N−1∑
n=0

x[n]e−j2πnk/N .

x[n] =
1√
N

N−1∑
n=0

X̂[k]ej2πnk/N .

Fourier Series: x(t) is assumed to be periodic with period T .

x(t) =

∞∑
k=−∞

ake
j2πkt/T ,

ak =
1

T

∫ T
2

−T
2

x(t)e−j2πkt/Tdt.

Characteristic function
φ(t) = E(eitX).
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Problem 1: Duality of DFT Let x = [x[0] · · ·x[N − 1]]T be a discrete sequence. Let X =
[X̂[0] · · · X̂[N − 1]]T be its discrete Fourier transform.

(a) If X = Ax, where A is a N ×N matrix and y = A2x, then compute y(i), 0 ≤ i ≤ N − 1 (in
terms of the co-ordinates of x).

(b) Prove that A4 = IN where IN is the identity matrix; hence deduce the set of possible eigen-
values of A.

Problem 2: Fourier Series Consider the periodic function x(t) = | cos(2t)|.

(a) Express this periodic function using the Fourier Series representation.

(b) Use the previous part to show that

∑
k≥1

1

(2k − 1)2(2k + 1)2
=
π2 − 8

16
.

Problem 3: Characteristic function Show that the characteristic function of a Gaussian
distribution X ∼ N (0, 1) is given by

φ(t) = e−t
2/2.

The density is f(x) = 1√
2π
e−x

2/2. (Be careful... you will need to justify steps mathematically.

Perhaps some complex analysis may be helpful.)

Problem 4: Distribution characterization Determine all pairs of real-valued continuous
(non-zero) characteristic functions φ1(t), φ2(t) such that

φ1(t1 + t2)φ2(t1 − t2) = φ1(t1)φ1(t2)φ2(t1)φ2(−t2).


